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In this article w give necessary and sufficient conditions for a semi- 
group ring of a commutative s migroup S over an arbitrary coefficient ri g
R to be local or semilocal. Since the semigroup S is arbitrary, some struc- 
tural results on semigroups will be needed. Let S be a commutative 
semigroup. If5 denotes the least separative congruence (cf. Sect. 2 for the 
definitions), then S/C = lJ,, r T, is a disjoint union of cancellative 
semigroups T,, r is a semilattice and T, Tb c T,, for all IX, fl Ef. Since T, 
is cancellative, th  question when R[T,] is semilocal iseasily answered. 
Now RCS/tl= Oacr R[ T,] becomes a r-graded ring. Precisely b con- 
sidering R[S/(] as a r-graded ring, we solve the problem for R[S/<] and 
finally for R[S]. Therefore w include a separate s ction on rings graded 
by a semilattice n which we prove when such a ring is semilocal. 
J. Okninski studies in[7] semigroup algebras which are semilocal. In 
particular he gives necessary and sufficient conditions for k[S], k a field, S 
a commutative semigroup, tobe semilocal. Nevertheless we feel that our 
conditions are more intrinsic than his. 
After the work for this paper was finished, R. Gilmer informed us that he 
had obtained the same results. His proofs appeared in the proceedings of
the “International conference on group and semigroup rings, Johan- 
nesburg, 1985”. 
* The author was a senior esearch assistant at the Belgium Fund for Scientific Research 
(N.F.W.O.). Current address: Economische Hogeschool Limburg, B-3610 Diepenbeek, 
Belgium. 
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1. RINGS GRADED BY A SEMILATTICE 
All rings are associative, ne dnot be commutative and need not have a 
unity. 
Let r be a semilattice, . ., f is a commutative s migroup of idempotents. 
Note that r is a partially ordered set under < defined by a 6 b if and only 
ifa=ab.Ifa,bEf,thena<bmeansa<bandu#banda 4: bmeansthat 
a is not strictly smaller than 6. If UE r, then {XE T/x< u> = 
(bu 1 b E r} = Tu. Also note that a d b (resp. a < b) if and only if Tu c Tb 
(resp. Tu $ Tb). 
Let S be a semigroup. A ring R is said to be an S-graded ring if 
R= @ztsR,, the direct sum of additive subgroups R, of R, and 
R,R, c R,, for all c(, /?E S. If S is a semilattice, th neach R, (a ES) is a 
subring of R. Some authors (cf. [ 10, 111) call aring raded by a semilattice 
a supplementary semilattice sum of subrings. Ifr is a semilattice, R a ring 
graded by r and a E r, denote by R” = 0,. Tm R,. Then, by Lemma 1 of 
[ 111 R” is an ideal of R and 17,: Ra -+ R,: C rxl + rlx is a surjective ring 
homomorphism. 
A semilattice r issaid to satisfy the descending chain condition (d.c.c.) if 
there does not exist an infinite d scending chain a1 > a2 > a3 > . *. > 
a,, > where all a, E f. Of course, r satisfies the d.c.c. ifand only if r satisfies 
the d.c.c. on principal ideals. The ascending chain condition (a.c.c.) is 
defined in a similar way. A subset A of r is said to consist ofincomparable 
elements if for all a, /I EA, a # 8, then a 4: /3 and /I & a. 
1.1. LEMMA. Let r be a semiluttice. Suppose that 
(1) r satisfies the d.c.c.; 
(2) r satisfies the a.c.c.; 
(3) I’ does not contain an infinite subset of incomparable elements; 
then r is finite. 
Proof. Let a E ZY Consider the set A = ra\{ a}, i.e., the elements of r 
which are strictly smaller than a. If A is nonempty, then by (2) A contains 
a maximal element. Sothis element is maximal under a. By (3), there are 
only finitely many elements, ay a r ,..., ak which are maximal under a. For 
each ai, there are again only finitely many elements, ay ai,i,..., tli,k,, which 
are maximal under ai. Note that fa = ut=, Tai u {a}. Suppose that Ta is 
an infinite set. Then for some i, rai is infinite. Again, for some ji, rai,i, s 
infinite, etc. In this way we construct an infinite d scending chain 
a > ai > a,,, > . . . a contradiction. He ce Ta is finite for all aE IY 
Finally, by(2) r has maximal elements and by (3) there are only finitely 
many maximal elements, ay 8, ,..., /I . So r= lJy= rr/Ii and by the first 
part of the proof we conclude that I’ is finite. g 
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1.2. LEMMA. Let R = Oaer R, be a r-graded ring, r a semilattice. L t
a, j3 Er with TV > p. If R” + J(R) = RB + J(R) (where J(R) denotes the Jacob- 
son radical of R), then R, = J(R,). 
Proof: Let r E R,. There exists an element xE RP such that (r -x) E 
J(R). So (r-x) E J(R) n R” = J(R’) and hence r = z,(r - x) E n,(J(R”)) c 
JR). I 
A ring R is said to be semilocal if R/J(R) is an Artinian ring and J(R) is 
the Jacobson radical ofR. It is easy to see that if R is a semilocal ring and 
if I is an ideal of R, then Z and R/Z are semilocal rings. 
1.3. PROPOSITION. Let R = @,, r R, be a r-graded ring, r a semilattice. 
Suppose that J(R,) # R, for all a E r. Then R is semilocal if and only if r is 
finite and R, is semilocal for all a E r. 
Proof: Suppose first hat R is semilocal. Let a E r. Then by the 
foregoing remark R” and hence R, is semilocal. In order to show that 
r is finite, we check the conditions ofLemma 1.1. Let a 1 > a2 > . . . > 
a, > . . . be an infinite descending chain in r. Since R/J(R) is Artinian, 
there is an element a, such that for all a, (m > n)(Rzn + J(R))/J(R) = 
(Ram + J(R))/J(R). By Lemma 1.2 we obtain that J(R,“) = R,“, a contra- 
diction. A similar easoning shows that r satisfies thea.c.c. because 
R/J(R) is semisimple Artinian, and hence Noetherian. Let {/I,, /12,..., Bk,...} 
be an infinite subset of r of incomparable elements. Again by the 
fact that R/J(R) is Noetherian, we have that for some m, n, m >n, 
C;= i RBt + J(R) = CT=, RBs + J(R). Let r E Rbm, then there xists anelement 
XE~:=, Rot such that r-xEJ(R). For all seRBm, (r-x)s=rs-xsE 
J(R). We claim that if a E supp(xs), then a < 8,. For let a E supp(xs), 
then a =?/I,,, where YET/?~ for some iE {l,..., n}. In particular a<flm. 
If a=/Im, then /I, 6y </Ii, contradicting thefact that /I, and p, are 
incomparable. Therefore rs-xsEJ(R)nRPm=J(RPm) and rs = 
nDm(rs - xs) E rrs,,,( J( RBm)) c J( RBm). So rRB, c J(RB,) whence r E J( R,,), and 
this holds for all rE R,, contradicting the hypothesis. Therefore  is finite. 
Conversely, suppose that r is finite and that R, is semilocal for all aE r. 
We will prove the result by induction on lrl. If lrl = 1, the result is 
trivially true. Suppose lrl > 1. Let a be a maximal element of r, then 
r’ = P,(a) is easily seen to be an ideal of r. By induction, Rr = @,, r’ R, 
is a semilocal ring. Now R = R, 0 R,, is again a semilattice graded ring, 
where the semilattice s A = {a, r} and a. r’ = r’. Therefore we may 
assume that Irl=2. Let r={1,2}, R=R,QR,, be such that 
R,~R,cR,,R,~R,cR,, R,‘R,cR, and R,.R,cR~. Since R, is an 
ideal of R we have that J(R,) is an ideal of R contained inJ(R) (cf. [2]). 
Therefore R is semilocal ifand only if R/J(R,) is semilocal. Moreover 
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R/J(R,) z R, 0 R,/J(R,) which is still a Z-graded ring. So we may suppose 
that J( R,) = 0. In particular R, is semisimple Artinian d hence R, has a 
unity e,. We claim that Z= {x- e,xl xE J(R,)} is a right ideal of R con- 
tained in J(R). The fact hat Zis a right ideal of R follows immediately from 
the observation that if xE J(R,), rE RZ, then xr E R, and so xr = e2(xr) and 
hence (x-e2x) r=O. By Lemma 54 of [a], if we show that every element 
of Z is right quasi-regular, thenZc J(R). If x E J(R,), then it is readily 
checked that (x - ezx) + (zi + z2) + (x - e2x)(z1 + z2) = 0 where z1 is the 
quasi-inverse of x (xc J(R,)) and z,=ezx+ ezxzI. In particular, this 
shows that n,(J(R)) = J(R,). Consequently, if Zis a left ideal of R such that 
J(R) c Z, then J(R,) c n,(Z). 
Finally to show that R/J(R) is Artinian, we may assume, by the fact hat 
R,/J( R, ) and R, are Artinian, that Zc Z’ are left ideals of R such that 
rcl(Z) = rrr(Z’) and(In R,) = (Z’ n R,). A simple standard calculation shows 
that Z= Z and therefore R is semilocal. 1 
2. SEMIGROUP RINGS 
We begin by recalling some structural results on commutative semi- 
groups. We refer to [ 1 ] for proofs and details. 
A semigroup S is said to be separative f or all s, t E S s* = st = t* implies 
s = t. Let P denote the set of all prime numbers. Let p E P. A semigroup S
is said to be p-separative f or all s, t E S, sp = tP implies s = t. A congruence 
p on S is said to be separative (resp. -separative) if the quotient semigroup 
S/p is separative (resp. -separative). It is clear that any semigroup S has a 
least separative congruence 5 and a least p-separative congruence 5,. 
Explicitly (cf. [1, 5]), 
<= {(s, t)ESXS(3nEN,St”=f”+’ and ts”=y+l} 
={(s,t)ESXS~3nEN,Vk~N,k~n,s~=t~}, 
tp= {(s, t)d3xS13neN,sPn=tB} 
It is shown in [l] that a separative s migroup S can be written as 
s= Urer S,, a disjoint union of cancellative semigroups S,, Z’ a semi-lat- 
tice and S,S, c S,, for all CL, fl EZ. Therefore if S is any semigroup 
then S/t =User T,, T, cancellative, Z a semilattice and hence 
NW51 = Oarsr R[ T,] becomes a r-graded ring. 
One more definition s needed. Let A be an ideal of a ring R. If n E N, let 
A, = {x E R I nx E A }. If p is a congruence on a semigroup S, we have an 
obvious surjective homomorphism f: R[S] + R[S/p]: C risi + C riSi 
where Si denotes the equivalence lass of si in S/p. The kernel of f is 
4x1/108/1-13 
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denoted by Z(R, S, p). Explicitly, Z(R, S, p) = {xi ri(s, - ti) /r, ER, 
(si, ti)~p}. It is shown in [S] that Z(R, S, 5) is a sum of nilpotent ideals, 
where [ is the least separative congruence. In particular RR, S, 5) c 
J( R [ S] ). Consequently 
2.1. LEMMA. R[S] is semilocal ifand only if R[S/<] is semilocal. 
Let G be a group. G, = {x E G ) 3n E IV.@ = I} for all pE P. A p’-group is 
a group containing oelements of order p. Also note that if G is an abelian 
torsion group, then G = OPE p G,. 
The following result is a special case of a theorem proved in [3]. 
2.2. PROPOSITION. Let S be a cancellative semigroup, R a ring with 
J(R) = 0. Then 
J(RCSl) = c WJ,, X 5,). 
PEP 
2.3. PROPOSITION. Let S be a cancellative semigroup, R a ring with 
J(R) # R. Then the semigroup ring R[S] is semilocal ifand only if the 
following conditions aresatisfied 
(1) R is semilocal; 
(2) S is a group; 
(3) either S is a finite group or either S/S, is a finite PI-group and 
R/J(R) has characteristic p > 0.
Remark. Note that (3) is equivalent to
(3’) either S is a finite group or either S= S, x T, where S,, is an 
infinite p-group, Tr is a finite PI-group and R/J(R) has characteristic p > 0.
Proof Suppose first that R[S] is semilocal. Of course, R is then 
semilocal being a homomorphic image of R[S]. Also R[ S]/J( R)[S] E 
(R/J( R))[S] is semilocal, i.e., we may assume that J(R) = 0, hence R is 
semisimple Artinian d has in particular a unity. We show now that S is a 
group. Let s E S. Since R[S]/J(R[S]) is Artinian, the chain 
R[S]SIR[S]S~I ... IR[S]S”I -.. has to stabilize modulo J(R[S]). 
Therefore there xists ann E fV such that 
Hence, for some GLER[S], s~s”-~~s”+~EJ(R[S]) and J(R[S])= 
TY PE p Z( O,, S, 5,) by Proposition 2.2. Thus for some u E supp CL and for 
some p E P we have 
(sn+‘)$ = (,f+y. 
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By the fact hat S is cancellative, we conclude that e= up”/ where e is the 
unity of the quotient group of S. Clearly, this implies that e E S and also 
that S is a group. 
Since R is semisimple Artinian, R E Of=, M,(Di), each Di a skew field. 
So each M,,(D,)[ S]is semilocal. If K, denotes the centre of AI,( then it 
follows from [9] and M,,(D,)[S] rM,,(Di)@, K,[S] that K,[S] is 
semilocal. Hence ( Oi= 1 K,)[S] is semilocal; note that Or= i Ki is precisely 
the centre of R. By [4, Theorem 4.91 we obtain the desired conclusion. 
We now show the converse implication. Condition (3) assumes that S is 
a torsion group. It is then easy to see (cf., e.g., [3]) that J(R)[S] c
J( R[S]). Hence to prove that R[S] is semilocal we may assume that 
J(R) = 0, i.e., R is semisimple Artinian. IfS is finite, then certainly R[S] is 
Artinian d thus semilocal. So suppose that char R = p > 0 and S/S, is a 
finite p’-group. By Proposition 2.2 J(R[S]) = RR, S, <,). But then 
and this ring is clearly Artinian. 1
We now obtain the main result of this paper. 
2.4. THEOREM. Let S be a commutative s migroup and R a ring with 
J(R) # R. Then the semigroup ring R[S] is semilocal ifand only if the 
following conditions aresatisfied 
(1) R is semilocal; 
(2) either SJ< is finite or either SJt, is finite and char(R/J(R)) = 
p > 0. 
Proof Let T= S/t. Then T= Uorer T,, T, cancellative, r a semilattice. 
It is shown in [6] that 5c <,,, rp = 5,/r is the least p-separative congruence 
on T and of course T/r, = (S/<)/(<,,/T) 2 S/r,. If we denote by ta,p the least 
p-separative congruence on T, (CUE r), then it is easy to see that 
W,z Tl&-,r Urer TX/<,,. Now condition (2) is clearly equivalent to: r is 
finite, and for all a E r, either T, is finite oreither Ta/ta,r isfinite (and 
hence T, is a group and TM/Sr,r is a finite PI-group) and char 
R/J(R) = p > 0. The result follows then from Proposition 1.3, Lemma 2.1, 
and Proposition 2.3. 
Finally, we quickly settle the problem when R[S] is a local ring. 
2.5. DEFINITION. A ring R with unity is said to be a quasi-local ring if R 
has a unique maximal ideal M. A ring R with unity is said to be a local 
(resp. scalar local) ring if R/J(R) is a simple Artinian ring (resp. a division 
ring). 
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Note that this terminology may differ f om book to book. If R has a 
unique maximal ideal M, then M= B(R), the Brown-McCoy radical ofR. 
2.6. PROPOSITION. Let R[S] be a semigroup ring with unity. Then R[S] 
is quasi-local if nd only if R is a quasi-local ring, char (R/B(R)) = p > 0 and 
S is a p-group. 
Proof Suppose first that R[S] is a quasi-local ring. Clearly R is then a 
quasi-local ring. Now B(R) [ S] is an ideal of R[S], different from R[S]. 
So B(R) [ S] c B( R [ S] ). Hence (R/B(R)) [S] is quasi-local andtherefore 
we may assume that B(R) = 0. Obviously the augmentation ideal 
w(R[S]) c B(R[S]) and B(R[S]/o(R[S])) = B(R) = 0 which yields 
B(R[S])=w(R[S]). Let SES. Then R[S] s is a nonzero ideal not con- 
tained in o(R[S]), thus R[S] s= R[S]. Hence S is a commutative simple 
semigroup which is clearly a group. On the other hand, by Theorem 3.3 of 
C31, dR[Sl) = B(NSl) = CpE p Z(O,, S, 5,). It is straightforward now to 
check that char(R) = p > 0 and S is a p-group for some p E P. 
Conversely, suppose that R is a quasi-local ring, char(R/B(R)) = p> 0 
and S is a p-group. Again by Theorem 3.3 of [3] B(R[S])= 
B(R)[S] +w(R[S]) which implies that R[S]/B(R[S])z R/B(R) which is 
a simple ring by hypothesis. 1 
2.7. COROLLARY. Let R[S] be a semigroup ring with unity. Then R[S] 
is local (resp. scalar local) f and only if R is local (resp. scalar local), 
char(R/J(R)) = p> 0 and S is a p-group. 
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